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Calculation of Shape Factors
Between Parallel Ring Sectors
Sharing a Common Centerline

Charles P. Minning*
Hughes Aircraft Company, ElSegundo, Calif.

Nomenclature
x,y,z = cartesian coordinates of cL4 7, cm
£;, ni}, n1 — cosines (i.e., direction cosines) of angles bet-

ween normal to d/4 7 and x-, y-, and z- axes,
respectively

*2> y>2> Z2 = cartesian coordinates of point on periphery of
surface 2, cm

s = distance between dA l and point on periphery
of surf ace 2, cm

r0> rf = outer and inner radii, respectively, of surface
2, cm

r = radial coordinate in plane of surface 2, cm
h = vertical distance between surfaces 1 and 2, cm
p = radial coordinate in plane of dA /, cm
/3 = angular displacement of dA 7 with respect to pr-

axis, radians
p]9 @2 = angular displacements which define location

of surface 1 with respect to x-axis, radians
8 } f 6 2 — angular displacements which define location

of surface 2 with respect to x-axis, radians
co =0 — ̂  radians
co/ = 07 — /3, radians
u2 = 02 — /?, radians

Introduction

E^J thermal control calculations for spin-stabilized
pacecraft, it is often desired to calculate the shape factor

for diffuse radiant-energy exchange between parallel ring sec-
tors sharing a common centerline. If the ring sectors span
360° of arc, calculation of the shape factor can be ac-
complished by means of shape-factor algebra and the closed-
form expression for the shape factor between parallel disks. l

A comparable expression for ring sectors spanning less than
360° of arc is not readily available in the literature.

The contour integral method is used in the present analysis
to derive a closed-form expression for the shape factor from a
differential area on one ring sector to the other (finite-sized)
ring sector. This expression can then be integrated
numerically to obtain the desired shape factors between two
finite-sized ring sectors. Typical results are shown for both
configurations.
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Analysis
Consider the geometry shown in Fig. 1, which illustrates the

nomenclature used in this presentation. Throughout this
discussion, surface 2 (A2) is always considered to be of finite
size; surface 1 can be either a differential area (cL47) or a
finite-sized area C47), depending on the problem under con-
sideration.

Sparrow2 has shown that the shape factor, FdAl^A2, can be
expressed as the sum of three contour integrals in the
following manner:

(z2-z)dy2-(y2~y)dz2

where

2TS2

(x2 ~x)dz2- (z2 -z)dx2

2-KS2

(y2-y)dx2-(x2-x)dy2

2irs2

S2=(x2-x)2+(y2-y)2+(z2-z)2

(1)

(2)

The letter C designates integration around the periphery of
surface 2. Since the normal to dAj is parallel to the z-axis,
t!1=m1 = 0, and n1 = 1. Hence, only the last term in Eq. (1) is
nonzero.

Integration around the periphery of surface 2 is performed
in the clockwise direction in four steps, each step corres-
ponding to one of the numbered boundaries shown in Fig. 1.
For boundary 1: x2=rj cos 8, dx2= -/*, sin0d0, y2 = risin8,
dy2~ri cos Odd. For boundary 2: x2 =r cos62, dx2 = cos02dr,
y2 = rs\n62, and dy2 = sin62dr. For boundary 3: x2 = r0cosd,
dx2 = — r0sin6d6, y2=r0sin61 and dy2 = r0co$6d6. For
boundary 4: x2 = rcos6I) dx2=co$61dr, y2=rsin6}, and
dy2-sin6}dr. For all boundaries, x=pcos/3 and y=psin/3.

Fig. 1 Nomenclature for shape factor from differential area to ring
sector.
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Substituting these expressions for x,y,x2, and>>2
 mto Eq. (1)

and making use of the identities

cos(o;) = sin(0) + cos(0)cos(0)

(3)

results in the expression

.[/-|-pcos(cj).]da?

r°

psin(a>2) (ro

—2pr0cos(u)

dr
27T

psin(co7) p dr
"o r2 + /z2-2prcos(u ;)+p2 (4)

The integrals in this expression are available in standard
references.3 The desired expression for FdAl_A2 is then found
to be

2TTF,

t n

-tan

psin(co7)

psin(co2)

[H2+p2'si

_,[((r?+P
2 +

~ tan" L——————

-tan" •Jj

Consider the special case where p = r, = 0. For this situation,
Eq. (5) reduces to

For 02 — Bj =2?r, Eq. (6) reduces to the familiar expression for
the shape factor from a differential area to a disk, where the
differential area lies on the disk centerline.

Now consider the case where coy =0, u2 =2ir, and r/ = 0. For
this configuration, it is seen that Eq. (5) reduces to
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Fig. 2 Shape factor from differential area to disk sector (r0Ih = 1.5).
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Fig. 3 Shape factor between two finite-sized ring sectors

which is the familiar expression for the shape factor from an
off-center differential area to a disk.1 Note that for CO>TT,
care must be taken in evaluating the inverse tangents in the
last two terms of Eq. (5).

Typical shape factors from a differential area to a disk sec-
tor (ri = 0) are shown in Fig. 2. Here, 07 and /3 were taken as
zero, and the shape factors are plotted against 62 for several
values of p/h. In all cases, when p//z = 0 the shape factor is a
linear function of 02, as shown previously in Eq. (6).

Shape factors between two finite-sized ring sectors can be
determined by integrating Eq. (5) in the following manner:

(8)
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where &2>fii a n dPo>Pi-
Evaluation of Eq. (8) in closed form is at best difficult.

Therefore, Eq. (8) was evaluated numerically, and some
typical results are shown in Fig. 3. Note that at B2 = 360° (07
assumed to equal zero), the value ofFA]__A2 is the same as that
for two fully circular disks regardless of the values of 07 and
/32. Also note that for {32 - ft] =360°,FAj_A2 is a straight line.
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Finite Contact of an Inflated Ring

D. W. Nicholson*
Goodyear Research, Akron, Ohio

Introduction

THE numerical solution is given for a ring which is
a) inflated, b) uniform and homogeneous, c) initially cir-

cular, and d) under finite (large) compression between rigid,
flat, parallel plates (see Fig. 1). The uninflated ring and the in-
flated cylindrical membrane have been treated.1'2 For com-
bined inflation and bending, an integral was derived in Ref. 3
with limits to be found from several simultaneous nonlinear
algebraic equations. Numerical results were reported only for
small deviations from the uninflated and the membrane cases.

In the present full numerical solution, the transition from
bending-dominated behavior at low pressure to membrane-
dominated behavior at high pressure is studied. Also, we
assess an approximate solution2 in which the force at a given
deflection is assumed to consist of independent bending and
membrane contributions.

1.
Analysis

Nomenclature and Governing Equations

Let X and Y denote the extrinsic coordinates of a point on
the ring; denote the pressure as P (positive outward), and let
M, F, and T, respectively, denote bending moment (positive
anticlockwise), shear force (positive outward), and tension
(positive clockwise). Also, R0 is the initial radius of the ring.
Owing to symmetry, attention will be confined to the first
quadrant. Also, a unit width in the axial direction is assumed.

The analysis will be in terms of intrinsic coordinates </> and
s, defined such that tan<t> = dY/dX where dX=ds cos0. As an
elastica the ring obeys

M= -D[ (d(t>/ds) - (d(j>0/ds) ] (D

where the zero subscript refers to the original configuration,
and D is the bending rigidity (assumed constant). The quan-
tity (d$/ds) ~l is the radius of curvature,

We introduce the dimensionless quantities x = X/R0,
y=Y/R0, ff = S/R0, m = MR0/D, v=VR2

0/D, t=TR2
0/D,

and p = PR2
0/D. The required geometric and equilibrium

relations are l

(2a)
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where z is defined by

dy/do = si

dvl da=p —

dt/ do = vz

dz/do=-V

d<t>/dff = z

(2b)

(2c)

(2d)

(2e)

(2f)

2. Boundary Conditions and Solution Method

For loads below a critical value, say F*, the initial contact
point and its neighboring points have infinite radii and belong
to the now finite contact zone. Boundary conditions are given
below.

For point contact, at a = 0,

where ZQ is specified. At a= ?r/2

0=-, v = o, y = 0

(3a)

(3b)

It remains to determine v and y at a = 0. Denote these
unknowns as f/2 and L = L/R0. If these quantities were
known, the foregoing would reduce to an initial value
problem with initial conditions at o = 0

= Z0> v=f/2, t=pL, y = (4)

For finite contact, denoting sI=R0a! as the contact half-
width, at o = o}

= 0, z = 0

= 7r/2, v = 0, y = 0

(5a)

•<5b)

In finite contact, the total (dimensionless) compressing
force on the ring is

f=fb+2paj (6a)

where fb is a concentrated force, interpreted as the bending
contribution, acting at a/. For point contact, the total force is

/=/ (6b)

and hereafter the overbar will not be displayed.
For brevity we discuss only the numerical solution for the

point contact stage. Equation (2) together with boundary con-
ditions £q. (3) defines a two-point boundary value problem
which we have solved by the widely studied "shooting"
techniques.4 The auxiliary initial value problem [involving
Eq. (4)] was integrated using Hamming's method, and the
assumed values of / and L were adjusted iteratively using
Newton's method, in order to accommodate all of the boun-
dary conditions. An extrapolation procedure was used

Fig. 1 Inflated ring under
compression.


